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I. Introduction

L IBRATIONAL motion of a gravity-gradientsatellite1 in an el-
liptic orbit is governed by a system of nonlinear equations that

become nonautonomous when the effect of orbital eccentricity is
taken into consideration.It is well known that chaotic phenomenon
can be observed in such a nonlinear and nonautonomous dynamic
system over some ranges of the initial conditions. With advance-
ment of mathematical and computational tools, chaos has been an-
alyzed as a nonlinear phenomenon by such techniques as Poincare
maps, Lyapunov exponents, reconstructionof attractors, and bifur-
cation diagrams.2 ¡ 4 Karasopoulos and Richardson5,6 have applied
these techniques to analyze the nonlinear dynamics of the gravity-
gradient satellite system. Nixon et al.7 and Fujii and Ichiki8 have
also applied these techniques to analyze the nonlinear dynamics of
the tethered satellite system.

Recently,a few controlconceptsfor chaoshavebeendevelopedto
convertchaotic behaviorinto a periodicor constantmotion.Pyragas
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Fig. 1 System model

has proposed a control method called time-delay feedback control
(DFC) in Ref. 9. This method is robust to small parameter varia-
tions and has been successfullyused in severalapplications.Various
modi� cations have also been considered in Ref. 10 for stabilizing
strongerchaoticsystems.Analysisof the system stability controlled
by DFC has been discussed in Refs. 11 and 12. The main contri-
bution of the present paper is an attempt to apply the DFC scheme
successfully to the nonlinear dynamics of gravity-gradient satel-
lites. It is shown that the control scheme is extremely effective for
the present chaotic system.

II. Dynamical Model
The dynamic system treated in this paper is a rigid gravity-

gradient satellite in an elliptic orbit as shown in Fig. 1. The dynamic
model is simpli� ed by employing the following three assumptions:

1) Energy dissipation effects such as the aerodynamic drag will
be ignored.

2) Only the pitch motion in the orbital plane is considered.
3) The inertia ratio of the satellite system is taken to be one, that

is, the equal moments of inertia about the pitch and roll axes are
signi� cantly large compared to that about the yaw axis.

The equation of pitch motion for the rigid gravity-gradientsatel-
lite in an elliptic orbit can be described as follows:

d2 h

dg 2
= ¡

3

2(1 + e cos g )
sin(2h ) +

2e sin g

1 + e cos g ( d h

d g
+ 1) ¡ u( g )

(1)

where, h , e, and u( g ) denote the pitch angle, the orbital eccentricity,
and the control input, respectively, and the independent variable is
the true anomaly g .

In general, chaotic motion means that the behavior of the system
can be predictedfor the short termbutnot all of the time, and the mo-
tion is regardedas chaotic if it simultaneouslysatis� es the following
two characteristics.The � rst characteristic is sensitive dependence
on the initial conditions. Chaos occurs in the deterministic system,
but exhibits randombehavior,that is, trajectoriesof a chaoticsystem
starting from two nearly initial conditions will eventually separate
and become uncorrelated,but always remain bounded in space. The
second characteristicis topological transition.The trajectory can be
close to any points in the bounded space, and such a trajectory is
said to be dense. Consequently,chaos can be de� ned as trajectories
that are neither equilibrium points nor periodic ones in a bounded
space.

Concerning our dynamic system, the eccentricity can affect the
nonlineardynamics through the coef� cients of nonlinear terms, and
chaotic motion may occur in the situation when the eccentricity is
taken into account, as in Eq. (1).

III. DFC
The two fundamental characteristics of chaos mentioned earlier

are used for controllingthe chaoticsystem.By the use of the charac-
teristicof sensitivedependenceon the initialconditions,it is possible
to have large in� uence on the system dynamicsby very small pertur-
bations or external in� uence; moreover, the response of the system
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becomes very fast. The important characteristic is the existence of
an in� nite numberof unstableperiodicorbits,which is the core phe-
nomenon of chaos. This structure of unstable periodic orbits plays
an important role for controlling chaos because wide choices exist
to stabilize a chaotic orbit to one of the embedded unstableperiodic
orbits.

Controller Design
The DFC uses a delayedcopyof theoutputsignal.9,10 This method

to control the chaotic system has two positive features. First, it is
a continuous self-feedback control without requiring preliminary
calculation of the desired periodic, orbit other than its period, and
DFC providesa naturalchoice for controllingchaos. Second, it does
not requirepreciseknowledgeof the systemparametersand is robust
to small parameter variations.

The control input l ( g ) is chosen in the following form of the
difference between the actual and T time-delayed output signal:

u( g ) = K { Çh ( g ) ¡ Çh ( g ¡ T )} (2)

where K and T denote the constant feedback gain and the period of
the desiredunstableperiodicorbit, respectively.The main featureof
this input is that it vanishesif delay time T coincideswith the period
of an unstable periodic orbit for the system with the eccentricity
zero. It means that the input does not change the solution of Eq. (1)
corresponding to the unstable orbit with the period T , but does
change the chaotic motion to the periodic one.

The linearized form of Eq. (1) around a periodic orbit is consid-
ered in the stability analysis of the controlled system that uses the
DFC input of the form shown in Eq. (2). The linearized equation
can be written as

ÇH ( g ) =
1

î = 0

Ai ( g ) ¢ H ( g ¡ i T ) (3)
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Fig. 2a Response of pitch and pitch rate at e = 0.36 and K = 1.0.

Fig. 2b Phase space at e = 0.36 and K = 1.0.

Fig. 3 Uncontrolled pitch and pitch rate at e = 0.36.

where h p is the periodic solution of Eq. (1) for h , with a period of
one orbit and A0( g ), A1( g ), and

1

î = 0

Ai ( g )

are periodicwith period T . Note that the solutionof linear equations
with time-varying coef� cients of period T can be obtained by the
Floquet theory.

Numerical Results
The DFC has been demonstrated through numerical simula-

tion to stabilize the gravity-gradient satellite system to one pe-
riodic orbit for the case of e =0.36 with the initial condition at
( h 0, Çh 0) = (0.0, 0.1985) and the feedback gain at K =1.0. The time
responses of the controlledpitch and pitch rate and the correspond-
ing phase space are shown in Figs. 2a and 2b, respectively.Control
input is implemented after the time period of one orbit. The re-
sponse of the uncontrolled pitch and pitch rate are shown in Fig. 3
for the sake of comparison.The result shows that DFC is extremely
effective for our dynamic system in controlling the chaotic motion.

IV. Conclusions
Chaotic librationalmotion of a gravity-gradientsatellite in an el-

liptic orbit is controlled by using the DFC scheme. DFC is shown
to be particularly effective in controlling the chaotic motion of the
present system by appropriate utilization of the fundamental char-
acteristics of chaos.
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